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Non-locality in high spin systems with tensor correlations
V. Ravishankar∗ and R. P. Sandhir†
We address the problem of detecting non-locality in coupled N level systems in the language of
spin. Through a number of examples, we show that non-locality can be detected via a violation of
the standard Bell inequality, irrespective of what N is, with correlations from observables of order
k ∼ 2s in the fundamental spin operators. We further show that, contrarily, if the order k is frozen,
then non-locality eludes a detection when s  k, leading to a weak classical limit. Armed with
these results, we proceed to characterize observables that ‘genuinely’ reflect non-locality in higher
dimensions, and demonstrate that one needs to go beyond the standard set-ups such as Stern-
Gerlach and those with correlations involving measurement of spin projections along quantization
axes.
PACS numbers: 03.65.Ud, 03.65.Aa, 03.67.Mn
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I. INTRODUCTION
There exists a fairly large body of work on non-
locality in N level systems[1–10] which explore non-
locality mainly from the view point of identifying ap-
propriate correlations, and to explore possible attain-
ment of classical limit in the large N limit. General-
izations to multipartite systems have been accomplished
by construction of correlation functions for higher dimen-
sions [11] and by establishing multi-party Bell inequali-
ties. Important that these questions are, we argue that
they need refinement before we look for answers. In-
deed, if no restrictions are imposed on N level systems,
discovering non-locality is trivial in the following sense
[1]: One merely needs to identify a four dimensional sub-
space spanned by four separable states, and the rays in
the subspace mimic a two-qubit state. This leads to a
maximal violation of the Bell inequality, which cannot
be improved upon, thanks to the Cirel’son bound [12].
Similar arguments can be advanced for other measures of
inequalities which involve more complicated inequalities
with larger number of correlations. The refinement that
is required is the stipulation that the correlations gen-
uinely probe the Hilbert space fully and not be trapped in
a subspace. This can considerably complicate the anal-
ysis, as reflected in the divergent conclusions drawn in
literature.
The purpose of this paper is to revisit non-locality in
N level systems keeping the stipulation mentioned above
in mind, with exclusive emphasis on spin systems. High
spin systems are ubiquitous, and spin dependent inter-
actions make the preparation and manipulation of states
relatively easier. In contrast, manipulation of multiqubit
states to prepare N level systems, and then couple them
to form a bipartite state is much more daunting though
generalised Svetlichny’s inequalities have been proposed
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for the same [13, 14]. In a similar manner, measurements
of correlations also gets complicated. High spin systems
do not suffer from these drawbacks. Further, correlations
in high spin systems can be studied through observables
which are of different orders in the fundamental spin op-
erators. One knows from atomic and nuclear physics that
measurement of observables which are of higher order in
spin is more difficult than those of lower orders. With
these in mind, we investigate (i) the ‘simplest’ observ-
ables that lead to the largest possible non-locality, (ii)
their behaviour as N → ∞, and (iii) the precise im-
port of the so called quantum-classical transition in that
limit. Rather than trying to prove general theorems, we
consider representative examples to illustrate the general
trend. For our purposes, it suffices to consider observ-
ables which are upto quartic degree in spin. We make
a rather detailed comparison with existing results, wher-
ever possible.
II. PRELIMINARIES AND THE
EXPERIMENTAL SETTING
1. Throughout the paper, we consider a bipartite sys-
tem of two equal spins, s. We invariably study non-
locality in one representative fully entangled (Bell)
state, viz, the singlet state given by
|0s >= (−1)
s
√
2s+ 1
s∑
m=−s
(−1)m|m,−m > . (1)
The notation in the ket in the LHS emphasizes that
the state is isotropic, with total spin zero. The
isotropy makes the choice of correlations simpler.
2. We employ the Bell inequality in its standard form,
formulated for the Bell function:
B ≡ |C(a, b)− C(a, b′)|+ |C(a′, b) + C(a′, b′)|, (2)
where the spin-spin correlation
C(a, b) = 〈0s|OA(a)OB(b)|0s〉 is defined in terms
ar
X
iv
:1
50
9.
01
80
5v
1 
 [q
ua
nt-
ph
]  
6 S
ep
 20
15
2of the expectation values of products of two ob-
servables, each belonging to a subsystem, as indi-
cated. It should be emphasized that the arguments
{a, b, a′, b′} refer to collective variables that con-
stitute the parameter space. Indeed, the state ex-
hibits non-locality if the Bell function violates the
inequality B ≤ 2, i.e., there are some regions in the
parameter space where B > 2.
3. We shall denote by Osk(a), observables of order k in
the spin operators, for a spin s particle. Similarly,
we denote by Csk(a, b), a correlation constructed
from two observables of the same order k in spin
operators. The corresponding Bell function will be
denoted by Bsk [15].
4. Customarily, and especially in experiments, the pa-
rameters are taken to be quantization axes with
respect to the spin observables measured. We ad-
here to the same tradition here. Furthermore, the
experimental configuration considered throughout
the paper is the standard planar configuration de-
picted in Fig. 1, with the configuration:
θab = θa′b = θa′b′ =
θab′
3
, (3)
in which the violation of the Bell Inequality, if any,
is always maximal. We may note parenthetically
that this choice of the parameters is not general
enough for spins ≥ 12 , the importance of which we
briefly discuss in the concluding section.
FIG. 1. The standard experimental configuration considered
for Bell-type experiments involving quantisation axes aˆ, aˆ′, bˆ
and bˆ′, with angles defined by Eq. 3.
In the simplest and the most studied two qubit case, the
choice of the correlation is essentially unique, and is given
by C = (~σA · aˆ)(~σB · bˆ). The parameter spaces are the
respective Bloch spheres, and the inequality is violated
by all entangled pure states, and maximally by a Bell
state. The violation is also the maximum allowed for a
quantum system with this particular Bell formulation,
with the Bell function taking the value 2
√
2.
III. BELL INEQUALITY IN HIGHER SPIN
STATES: LINEAR CORRELATIONS
The number of linearly independent correlations for
a spin s state is O(N4), but the Bell function does not
follow linearity in correlations, and that is the crux of the
problem. It is, therefore, advisable to consider specific
examples to start with. Consider the linear correlation
Cs1(aˆ, bˆ) = 〈0s|(~ΣsA · aˆ)(~ΣsB · bˆ)|0s〉; ~ΣsA,B =
~SA,B
s
(4)
in terms of the normalized spin operators ~Σs, which re-
spect the unit norm bound: they satisfy |Tr{ρsΣsi}| ≤ 1
for all states. Let cos θab ≡ aˆ · bˆ. Exploiting bilinearity in
the spin operators and the isotropy of the state, we find
Cs1(aˆ, bˆ) = −
s+ 1
3s
cos θab ≡ s+ 1
3s
C 121 (aˆ, bˆ). (5)
Note that the spin dependent scaling factor, which is
also inherited by the corresponding Bell function Bs1, de-
creases rapidly with s, achieving an asymptotic value of
1
3 . It falls by a factor 2/3 for s = 1. Since the maximum
violation for two qubit case is 2
√
2, it follows that Bell
inequality is respected by the correlation for spins s ≥ 1.
So one is obliged to look at correlations which involve
higher orders in spin.
IV. BIQUADRATIC CORRELATIONS
We consider the simplest case, s = 1, first.
A. s=1
Since the linear correlations fail to reveal non-locality,
we move on to biquadratic correlations. It would appear
that the choice O = (~Σs ·aˆ)2 is natural. But that is not to
be, since its expectation value is confined to the subin-
terval [0, 1], with the corresponding correlation having
the form 13 (1 + cos
2 θ), which peaks at 23 , which immedi-
ately negates the possibility of a violation. In contrast,
consider the trial observable
O(2) = 2(~Σ1 · aˆ)2 − 1 (6)
whose expectation values cover the full range [−1,+1].
It is easy to verify that
C12 = 〈01|{2(~Σ1A · aˆ)2 − 1}{2(~Σ1B · bˆ)2 − 1}|01〉
=
1
3
(4 cos2 θ − 1) (7)
We note that this correlation has a support in the much
larger interval [− 13 ,+1], though it falls short of the sup-
port [−1,+1] for the correlation in the two qubit case.
For this reason, one may anticipate that a violation of
3Bell inequality, if any, would be smaller than in the two
qubit case.
The corresponding Bell function is plotted in red in the
standard planar geometry (Fig.2). There is a clear vio-
lation of the inequality in the sector [0.97, 2.17] rad. The
maximum value attained is 2.55, and the percentage area
of violation is found to be about 14.7%. These numbers
may be contrasted with the two qubit case which shows
violation in the intervals [0.1, 0.19] and [1.95, pi] rad with
the maximum value 2
√
2 ≈ 2.82, and a total percentage
area of 16.32%. We return to a critique of these results
later.
1. Experimental determination of C12
We briefly digress to discuss how C12 (aˆ, bˆ) may be de-
termined experimentally through appropriate count rate
measurements. Observe that Π0(aˆ) ≡ (1 − (~S · aˆ)2), is
the projection operator for the state m = 0 along the
quantization axis aˆ. The correlation can be written as:
C12 = 〈01|{1− 2ΠA0 (aˆ)}{1− 2ΠB0 (bˆ)}|01〉
= −1
3
+ 4〈01|ΠAB0 (aˆ, bˆ)|01〉
= −1
3
+
4NAB0 (aˆ, bˆ)
N
(8)
where the last line gives the measurement prescription
explicitly, in terms of NAB0 (aˆ, bˆ) which is the joint count
rate for the two spins to be in the state m = 0 along
their respective quantization axes, and N is the total
count rate.
FIG. 2. Bell function B12 for the spin − 1 singlet state using
quadratic operators given by Eq. 6.
B. Quadratic correlations for s ≥ 3/2
We first note that
〈0s|(~ΣsA · aˆ)2(~ΣsB · bˆ)2|0s〉 = F (s) +G(s) cos2 θ (9)
where the scaling factors,
F (s) =
2s3 + 4s2 + 3s+ 1
30s3
G(s) =
4s3 + 8s2 + s− 3
30s3
, (10)
FIG. 3. Green: scaling factor G(s), Red: scaling factor F (s),
Yellow: bound for scaling factor G(s) - 2
15
, Blue: bound for
scaling factor F(s) - 1
15
.
are monotonically decreasing functions of s, as may be
seen in Fig. 3, and attain their asymptotic values F =
1/15, G = 2/15 in the limit s→∞.
The correlation Cs2 , corresponding to OA = 2(~ΣsA ·aˆ)2−
1 (and similarly for OB), is evaluated to be
Cs2 = 4{F (s) +G(s) cos2 θ} −
4
3
s+ 1
s
+ 1. (11)
Fig. 4 depicts the behaviour of the correlation as a
function of θ for various values of s. The range of the
correlation is seen to diminish rapidly as s is increased.
The corresponding Bell functions Bs2 are plotted in Fig. 5
in the standard planar configuration in the parameter
space. It is clear that there is a very mild violation for
s = 32 , with a maximum value of 2.09, and none what-
soever for s ≥ 2. This raises the question whether the
correlation chosen is optimal for all spins, and if higher
order observables are required when s ≥ 2. We seek to
settle this issue through a global (numerical) search in
the next section.
4FIG. 4. Correlation Cs2 given by Eq. 11 for Red: s = 1, Green:
s = 3
2
, Blue: s = 2, Yellow: s = 5
2
.
FIG. 5. Bell function Bs2 for the spin − s singlet state using
quadratic operators given by Eq. 6. Red: s = 1, Green:
s = 3
2
, Blue: s = 2, Yellow: s = 5
2
, Blue dashed: bound of
the inequality.
V. GLOBAL STUDY OF BIQUADRATIC
CORRELATIONS
Our studies have so far been restricted to a few spe-
cial examples which do not, however, shed complete light
on the extent to which non-locality may be detected in
higher spin systems. To rectify this drawback, We con-
sider a general quadratic observable:
O = C2(~Σ
s · aˆ)2 + C1(~Σs · aˆ) + C0 (12)
with the proviso that its expectation values be bounded
by unit norm. We fix the optimal values of the constants
Ci through a numerical search[16]. The global search also
determines whether several of the prescriptions given by
the earlier works do really yield the maximum possible
violations or not.
FIG. 6. Scatter plot of coefficients C0, C1, C2 for spin−1 con-
straints given by Eq. 13 shown in steps of 0.5 for convenience.
The unit norm bound on the coefficients Ci in Eq. 12
simply translates to the the set of 2s+ 1 constraints (in
each m value)
− 1 ≤ C2m
2
s2
+
C1m
s
+ C0 ≤ 1 ∀m ∈ [−s, s] (13)
in the three parameters. The data points for the coef-
ficients are generated by selecting the bounds [-5,5] for
each coefficient here and everywhere. Each of the equali-
ties yields a two dimensional plane in the (2s+1) dimen-
sional space, and the intersections of the planes gives us
the vertices of a polyhedron within and on which the coef-
ficients Ci are constrained to lie. The additional require-
ment that the observables admit their maximum value
restricts our search to identifying one of the vertices. We
present the results for various spins in the following sub-
sections.
A. s = 1
When s = 1, we find that the maximum violation
occurs when C2 = 2; C1 = 0; C0 = −1 which is ex-
actly the trial observable that we constructed in the pre-
vious section. The numerical search confirms that the
maximum violation occurs in the planar geometry, with
Bmax = 2.55 as reported. More detailed results are pre-
sented in the scatter plot in Fig. 6 which displays the pla-
nar segment in which the coefficients Ci are constrained,
and Fig. 7 which shows a histogram plot of the values of
the correlation for all coefficients Ci that are consistent
with the constraints. The corresponding histogram for
the Bell function, which is of direct interest, is shown in
Fig. 8. From this we estimate that the relative region
over which the violation takes place is ∼ 15%.
5FIG. 7. Correlator C12 for all possible valid coefficient and
configuration combinations.
FIG. 8. Bell function B12 for all possible valid coefficient and
configuration combinations.
In short, we may conclude that it is not possible to im-
prove upon the violation seen for the correlation chosen in
Eq. 6. The maximum violation, pegged at the value 2.55
falls short of the maximum allowed value, 2.88, which
is realized for a two qubit system – notwithstanding the
fact that we are dealing with a completely entangled pure
state. This conundrum will be addressed in the conclud-
ing section.
B. s ≥ 3
2
Consider s = 32 first. The optimal values of the coef-
ficients are found to be C2 = 2.25, C1 = 0, C0 = −1.25,
yielding the observable
OA =
9
4
(~ΣA · aˆ)2 − 5
4
(14)
which can be recast into the elegant form
OA(aˆ) = Π3/2(aˆ) + Π−3/2(aˆ)−Π1/2(aˆ)−Π1/2(aˆ) (15)
in terms of the projection operators Πm ≡ |m〉〈m| along
the quantization axis aˆ, with a similar expression for OB .
Note that expectation values of OA,B span the full range
[−1,+1]. The correlation also assumes the elegant form
C3/22 = P2(cos θ) (16)
which has its support in [− 12 , 1], larger than the one ob-
tained for s = 1. The Bell function plotted in Fig. 9
clearly shows that non-locality is exhibited by these cor-
relations. The maximum value is 2.62, which is larger
than the violation for s = 1. The percentage area of vi-
olation is given by ≈ 7.85% which, however, is smaller
than the case for s = 1. Incidentally, note that the co-
incidence count rates to be measured are clear from the
very expression for the observables given in Eqn. 15.
FIG. 9. Bell function B
3
2
2 for the spin− 32 singlet state using
quadratic operators given by Eq. 14. Blue dashed: bound of
the inequality.
The increase in the violation from s = 1 to s = 32 is
anomalous. In fact, we find that the biquadratic corre-
lation fails to violate Bell inequality everywhere in the
parameter space if s ≥ 2.
It is getting clear from the studies so far that violation
of the Bell inequality requires correlations of observables
which are of maximal order in the spin variables. To
strengthen this qualitative conclusion, and also to draw
more quantitative conclusions for comparison with sim-
ilar findings, and claims made so far [2, 5, 7, 9, 17], we
consider two more cases – generic observables of degree
6three, and a specific observable of degree four. This ne-
cessitates a discussion of s = 2 states as well. We address
the cubic case first, and conduct a global search in the
parameter space.
VI. GLOBAL STUDY OF CUBIC
CORRELATIONS
The generic form of the observable, say for the subsys-
tem A, is given by
OA = C3(~Σ
s
A · a)3 + C2(~ΣsA · a)2 + C1(~ΣsA · a) + C0.
(17)
The usual requirement that OA be bounded by unit norm
leads to the set of 2s+ 1 constraints
−1 ≤ C3m
3
s3
+
C2m
2
s2
+
C1m
s
+C0 ≤ 1 ∀m ∈ [−s, s]. (18)
As before, the coefficient data were generated by select-
ing the bounds [-5,5]. The search in the parameter space
yields a maxima in violation of Bell inequality in two
orthogonal subspaces, of even and odd parity in spin ob-
servables. The even parity case has already been disposed
off in the previous section. We address the complemen-
tary space.
1. s = 3
2
A numerical search yields the maximum violation for
the correlation when C3 = 4.5, C1 = −3.5, C2 = C0 = 0,
corresponding to the observable
OA =
9
2
(~S · aˆ)3 − 7
2
(~S · aˆ) (19)
For this optimal observable, the maximum violation is
pegged at B 323 = 2.45, with the violating region being
∼ 6.67% of the total volume. We show the scatter of
coefficients C1, C2, C3 for constraint C0 = 0 in Fig. 10.
It would be premature to draw any conclusion from the
reduced relative region of contribution, as this is only
a partial contribution. Combined with the biquadratic
contribution, we see that there is no significant diminu-
tion in the over all area.
2. s ≥ 2
We conclude the discussion on cubic correlations with
a brief discussion of higher spins. Similarly to the
quadratic case, s = 2 shows a mild violation, with a
maximum value of the Bell function given by B23 = 2.03
for the configuration C3 = 4, C1 = −3, C2 = C0 = 0.
The histogram of this Bell function for all possible valid
FIG. 10. Scatter plot of coefficients C1, C2, C3 for C0 = 0 for
spin− 3
2
constraints given by Eq. 18 shown in steps of 0.5 for
convenience.
coefficient combinations with the standard planar exper-
imental configuration is shown in Fig. 11. The Bell in-
equality is respected for the cubic correlations involving
all spins s ≥ 52 .
FIG. 11. Bell function B23 for all possible valid coefficient and
configuration combinations.
VII. BIQUARTIC CORRELATIONS FOR s = 2
In this last example, we now consider a specific quartic
observable for s = 2:
OA = 2(~Σ · aˆ)4 − 1 (20)
which clearly spans the full range [−1,+1]. This observ-
able is nontrivial for s ≥ 2, and we restrict ourselves
7to spin 2 here. A straight forward evaluation yields the
correlation to be
C24 =
7
10
+
45
32
sin2 θ cos2 θ +
39
640
sin4 θ +
51
32
cos4 θ (21)
Fig. 12 plots this correlation. The resulting Bell viola-
tion is shown in Fig. 13, and the maximum value attained
by the Bell function is B24max = 2.371. The percentage
area of violation is seen to be ∼ 2.5%. These signatures
must be combined with the violation seen with the cubic
correlation for a fuller picture.
FIG. 12. The quartic correlator C24 for the spin − 2 singlet
state given by Eq. 21.
FIG. 13. Bell function B24, for the spin− 2 singlet state from
the correlator given in Eq. 21. Blue: Bound of the inequality.
VIII. SUMMARY OF RESULTS
We first summarize the results in a nutshell. The ex-
amples considered above suggest strongly that
1. Non-locality in N level systems will be seen if the
observables employed are of degree N , with a small
leeway for lower order observables.
2. The magnitude of violation does not see any signif-
icant diminution with increasing N . The relative
region in the parameter space remains roughly con-
stant if the observables are scaled in this manner.
3. Finally, inspite of optimization, and in spite of em-
ploying the most nonlocal state, the violation fails
to reach the maximum allowed value, 2
√
2.
The results are collected and displayed in table 1.
TABLE I. Summary of Results
s O(O) OA Bmax % Area of Violation
1
2
1 (~S · aˆ) 2√2 ≈ 16.32%
1 2 2(~S · aˆ)2 − 1 2.55 ≈ 14.7%
3
2
2 9
4
(~S · aˆ)2 − 5
4
2.62 ≈ 7.85%
3
2
3 9
2
(~S · aˆ)3 − 7
2
(~S · aˆ) 2.45 ≈ 6.67%
2 3 4(~S · aˆ)3 − 3(~S · aˆ) 2.03 ≈ 0.1%
2 4 (
~S·aˆ)4
8
− 1 2.371 ≈ 2.522%
IX. DISCUSSION AND COMPARISON WITH
OTHER WORKS
Studies in non-locality have been dominated by three
issues: (i) Detection of non-locality in N dimensional
systems, (ii) Extent of non-locality vis-a-vis the two qubit
system, and by extension, (iii) Fate of non-locality in the
large N limit. The three issues are not unrelated to each
other.
One hurdle in comparing results is in the different
measures of non-locality employed, not only in different
works, but also for different spins in the same work. Care
must therefore be exercised since a na¨ıve normalization
may lead to misleading conclusions on the degree of non-
locality. With this caveat, we first look at the last issue,
the large N limit, since it addresses the all important
question of the classical limit of quantum systems.
A. Large N limit
The fate of non-locality in the large N limit was first
studied by Mermin [2], who concluded that non-locality
persists in all dimensions. He argued that the classical
limit is realized as an asymptote, as N →∞. While the
8extent of violation was not seen to decrease, the violating
region in the parameter space was seen to shrink to zero.
This result seemed to gain support from a number of
other works [2, 18–20]. These conclusions were based on
specific choices of correlations, and it has been realized
to be erroneous by Garg and Mermin [4]. Subsequently
Ardehali [21], and more recently Dagomir et. al. [3]
have argued that there are correlations for which non-
locality, in fact, increase with the increasing dimension
of the Hilbert space. Their results are, of course, not
in conflict with the Cirel’son theorem [12] and the more
general results obtained in [5, 7].
Interesting that the above studies are, we observe that
– bereft of any other criterion - neither the value nor the
range of violation is, in fact, an issue for N level systems.
As observed by Bell in his seminal paper[1], any corre-
lated state of two N level systems can show as large a vio-
lation of Bell inequality as the two qubit system. Indeed,
all that one needs to do is to project out a convenient four
dimensional subspace spanned by a basis consisting of
four separable pure states. The resultant quasi two qubit
system would exhibit maximum violation, which cannot
be improved upon further, thanks to Cirel’son’s theorem
[12][22]. Hence, non-locality in N level systems is to be
discussed with correlations that genuinely probe the full
state space, and the large N limit needs a rephrasing.
The real interest, therefore, lies in viewing non-locality
in N level systems through the prism of genuine qudit
correlations which do not mimic any lower dimensional
correlation. Equivalently, the eigenstates of observables
in each N system must span the full space.
With this condition, for the class of observables un-
der consideration, we now demonstrate that the so called
classical limit can indeed be achieved, but in a weaker
sense. More precisely, we show that the so called classical
limit is a manifestation of limited experimental resources.
1. Weak classical limit
Suppose that one has resources to measure upto kth
order observables in spin space. Recall that for a given
s, kmax = 2s. We then consider the constraints on a
kth degree observable OA =
∑k
l=0 Cl(
~SsA · aˆ)l by the unit
norm bound. We get 2N constraints:
− 1 ≤
k∑
l=0
Clm
l ≤ 1;−s ≤ m ≤ +s (22)
where k ≤ 2s. The dimension of the parameter space is
Np = k + 1 which is to be compared with the number of
bounds, Nb = 2(2s+ 1).
For a fixed order of the observable, as s increases,
Nb  Np, thanks to which one has to identify the re-
gion in the parameter space that is compatible with all
the equations. The allowed region is the common inter-
section of regions culled out by each inequality. It is not
difficult to see that as s→∞, the allowed region shrinks
rapidly to the allowed to a point Cl → ±δl,0. Bell in-
equality is trivially respected.
On the other hand, suppose that the order of the poly-
nomial function in spin scales with s. We would then
have a polynomial of degree 2s subject to 2s + 1 equa-
tions. Nb ∼ Np and for that reason the allowed region in
the parameter space does not shrink. The few simple ex-
amples that we discussed in the paper illustrate precisely
that (see Table 1).
B. Extent of violation in N level systems
We now turn our attention to compare our results with
some of the earlier works. In particular, we now focus on
the magnitude of violation. Unfortunately, almost none
of the earlier works give information on the range of pa-
rameters over which violation occurs. Several measures
employ inequalities which depend on N , which further
makes it difficult to make meaningful comparisons. Ta-
ble 2 presents the results obtained in [5, 7, 17] since all
of them use the Bell inequality formulation employed in
this paper. Note: the work reported in [17] admits a
comparison only when N →∞.
Table 2 gives a summary of the results obtained in
[5, 7, 17], for s = 1. Note that the observables in each
of the works are quite different from each other and a
comparison is, therefore, of quite some interest. So are
the measures of non-locality employed. The results in
table 2 must be, therefore, interpreted carefully.
With the approach given by Peres [5], while the mag-
nitude of the violation tends to a constant (a claim con-
sistent with that of Banaszak [17]), the range of param-
eters for which a violation is detected becomes vanish-
ingly small as s → ∞. Contrarily, our results indicate
that once a suitable dimension of parameter space is es-
tablished, said region of violation consists of a set of or-
thogonal subspaces that do not diminish asymptotically.
Finding the right observables of a suitable order depen-
dent on s is the key.
At this juncture, it is pertinent to note that Peres
[5] also makes a note of experimental limitations on ob-
serving non-locality: provided that consecutive m’s are
distinguishable, non-locality should be observable. This
goes hand-in-hand with our notion of a ‘weak’ classi-
cal limit being attained due to limited experimental re-
sources. This argument is strengthened by that of Gisin
[7], who shows that mere selection of large quantum num-
bers does not necessarily indicate classical behaviour.
Also provided that one can construct pairs of observ-
ables for which violation occurs, large quantum numbers
are of no consequence. The present study, apart from
being in consonance with these observations, brings out
the need for those pairs of observables to be nontrivial.
They should not be defined in a proper subspace and
they must be of sufficiently high rank.
9TABLE II. Summary of Results
Author Inequality Behaviour s(r)→∞ Violation
Peres f(C) ≤ 2 f(C)→ 3 sin x
x
− sin 3x
3x
2.55 for s = 1
Gisin f(j) ≤ 2 f(j)→ 2√2(1− 0.1464
s
) 2.55 for s = 1
Banaszek |B| ≤ 2 B ≈ 2.19 2.19 ∀ EPR states
X. NON-LOCALITY AND GEOMETRY OF
SPIN STATES
A common feature among all studies reporting vio-
lation of Bell inequality is that none of them attain
the maximum violation that is allowed by the Cirel’son
bound [12]. It becomes all the more striking if we remem-
ber that there are observables defined in four dimensional
subspaces whose correlations are as good as — in fact
equivalent to – the two qubit case. The reason for this
failure merits an answer, which lies in a more careful
analysis of the geometry of spin states.
States of a spin half particle admit a representation on
the Bloch sphere, which essentially means that they can
always be looked upon as possessing a definite value of
Sz along a suitable quantization axis: |ψ〉 ≡ |m = 12 〉aˆ
where aˆ is the quantization axis. This does not hold for
higher spins and the set of states that can be identified
as belonging to an eigenvalue of Sz with respect to any
quantization axis is a set of measure zero. In other words,
the state of a particle with a spin s ≥ 1 does not, in gen-
eral admit a Bloch sphere representation. Consequently,
the observables and the correlations that we have consid-
ered in this paper are not generic in nature.
The most general representation of a pure spin s state
is multivector in nature. Indeed, as shown in [23, 24], the
state (pure) of a spin s particle can be represented by 2s
points on a sphere. If the particle is in a state |s,m〉,
then the description collapses to s + m identical points
and diametrically opposite s−m identical points, along
the quantization axis, on the sphere. This means that
in general, an observable for a spin s particle involves
2s independent directions, and consequently, a correla-
tion for a coupled system of two spin S particles involves
4s independent directions. Coupled with the fact that a
pure state is determined almost completely – except for
discrete ambiguities – by its highest rank observable, viz,
it is not surprising that we need observables of order 2s.
Correlations involving such observables exhaust all the
possibilities and should, therefore, yield maximal viola-
tion. However, this makes the theoretical analysis - and
its experimental implementation – more complicated. We
address this problem elsewhere.
XI. CONCLUSION
In conclusion, we have undertaken a comprehensive
study of non-locality in coupled high spin systems with
emphasis on (i) suitable observables that display non-
locality, (ii) the so called classical limit when N =
(2s + 1) → ∞, (iii) genuine observables that span the
Hilbert space and also exhibit non-locality, and finally
(iv) the need to go beyond the standard Stern-Gerlach
set ups and observables that are tied to bivectors in the
two spin systems. Hopefully, this study will spur fur-
ther activity experimentally to detect and characterize
non-locality in spin systems.
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